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This is an open book exam. Calculators are permitted. Answer all the
questions. The exam is out of 80 points.

1. [10] Suppose that the life distribution of an item has the hazard rate
A(t) = ¢t > 0. What is the probability that

a) the item survives to age 27

b) the item’s lifetime is between 0.4 and 1.47

¢) a l-year old item will survive to age 27

2. [10] X and Y are two independent random variables having geometric
distributions with parameter p. Recall

P(X:gl:p(l——p)m—l,x= 1,2,.

a) Find the density of Z = min (X,Y)
b) Find the density of the sum (X +Y).
c¢) Calculate P (Y > X)

d) Calculate EZ

3. [6] A coin has probability p of turning up heads. It is flipped until
either heads or tails has occurred three times. What is the expected number

of flips?



(Hint: Recall the negative binomial distribution)

4. [10] Let X3, ..., X,, be a random sample from a uniform distribution on
the interval (0,0).

a) If n is an odd integer, find the density of the median of the sample.

b) Show that the median of the sample converges in probability to the
median of the population as n — oo.

Hint: The Beta density is given by

—_ __a__ ANCe = 01,3
e B T G B e+ B+ 1)
5. [12] If

flz,y) = cly—2)*, 0<z<y<l
= 0, otherwise

a) find the value of the constants ¢, & which make f a proper joint density
of X and Y.

b) Find the marginal densities of X and Y.

¢) What is the conditional density of X given Y?

d) What is the conditional expectation of X given Y?

6. [10] Let X be a random variable having a log normal distribution; that
is, Y = In X follows a N (, 0?).

Lr

a) Use the Moment generating function to show that EX = ezp (u + "7‘!) .

b) If Z has continuous density
1
flz)= 5exp~|z[,~oo <z< oo

show that its moment generating function is given by 1—_1t—2, -l<t< 1
c¢) Compute EZ?" n = 1,2, ... )



7.[10] Suppose that X,Y, are two independent random variables having
exponential distributions with mean 1. Find

a) the joint density of U = X 4+ Y,V = 3}5—

b) the marginal density of U

¢) the marginal density of V'

d) the expectation of V.

8. [12] Let X be a Poisson distributed random variable with mean .

a) Use Markov’s inequality to obtain an upper bound for p = P (X > ¢)
as a function of A, c.

b) Use Chebyshev’s inequality to obtain an upper bound for p.

c¢) Use Chernoft’s inequality to obtain an upper bound for p.

d) Approximate p by means of the Central limit theorem.
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